Two-dimensional Fermi gases display novel collective behavior originating from head-on carriercarrier collisions. Such collisions dominate in degenerate Fermi systems owing to the interplay of Pauli blocking and momentum conservation. The predominantly head-on character of two-body collisions results in a large number of modes with anomalously slow relaxation rates, associated with the odd-parity harmonics of momentum distribution. The odd-parity kinetic effects directly impact transport, rendering viscosity, conductivity and other transport coefficients scale-dependent over a wide range of lengthscales with nontrivial halfinteger scaling dimensions.
Electron transport in many systems of current interest is governed by the processes of rapid momentum exchange in electron-electron (ee) collisions. [1] [2] [3] [4] Disorderfree electron systems, in which under the conditions of weak electron-phonon and Umklapp ee scattering the ee collisions are predominantly momentum-conserving, can exhibit a hydrodynamic behavior reminiscent of that in viscous fluids [5] [6] [7] [8] Electron hydrodynamics, a theoretical concept describing this regime in terms of quasiparticle scattering near the Fermi surface, has been steadily gaining support in recent years. [9] [10] [11] [12] [13] [14] [15] [16] It is usually taken for granted that hydrodynamics sets in at the lengthscales r > l ee = v/γ where γ ∼ T 2 /ε F is the ee collision rate and v is Fermi velocity. Here we argue that in 2D systems-the focus of current experimental efforts [1] [2] [3] [4] -our understanding of electron hydrodynamics requires a substantial revision. Indeed, as has been long known, quasiparticle collisions at a thermally broadened 2D Fermi surface are either head-on or smallangle (see Fig.1 ), whereas other collision types are inhibited by fermion exclusion [17] [18] [19] [20] [21] [22] . The head-on collisions do lead to rapid momentum exchange between particles, however with one caveat. Such collisions change particle distribution simultaneously at momenta p and −p, providing relaxation pathway only for the part of momentum distribution even under Fermi surface inversion, δf −p = δf p . The odd-parity part δf −p = −δf p does not relax due to such processes, giving rise to a large number of soft modes. This peculiar behavior is generic in 2D so long as the ee collisions are momentum-conserving.
The new regime, dominated by head-on collisions and odd-parity harmonics, occurs between the ballistic and conventional hydrodynamic regimes, at the lengthscales
Here ξ l ee is a new lengthscale originating from slowly relaxing odd-parity modes. Here the rate γ ∼ T 2 /ε F describes head-on ee collisions [23] , the rate γ γ describes relaxation of the slow odd-parity modes. Intrinsic γ values due to small-angle scattering in ee collisions are estimated to be as low as γ /γ ∼ (T /ε F ) 2 
[23]
, modulo a log enhancement due to collinear scattering [24, 25] .
FIG. 1:
Types of two-body collisions 1, 2 → 1 , 2 at a thermally broadened 2D Fermi surface (red rings), which are allowed by momentum and energy conservation and not inhibited by fermion exclusion. Head-on collisions (a) occur at a rate γ ∼ T 2 /εF, with typical recoil ∆θ ∼ 1. Such processes, however, affect only the even-parity part of momentum distribution. The odd-parity part, in contrast, relaxes solely due to small-angle scattering (b). Angular diffusion with a step ∆θ ∼ T /εF 1 slows down the odd-parity relaxation, reducing the relaxation rate down to γ ∼ T 4 /ε 3 F γ.
In real systems, however, the rate γ may be overwhelmed by extrinsic effects, e.g. a smooth disorder potential. The conventional ballistic and hydrodynamic regimes occur at r < l ee and r > ξ l ee , respectively. In the ballistic regime the system features a standard free-particle behavior. Likewise, in the hydrodynamic regime transport coefficients assume their conventional values, e.g. the standard result ν = v 2 /4γ for kinematic viscosity. However, at the intermediate scales (1) transport coefficients acquire a dependence on the wavenumber, becoming scale-dependent with nontrivial scaling dimensions.
The general aspects of this regime can be clarified by a simple model in which even-parity harmonics of δf p = m δf m e imθ , with θ the azimuthal angle at the Fermi surface, relax at a rate γ γ , whereas the odd-parity rates behave as γ m 2 , modeling a slow angle diffusion:
Zero values for γ m=0,±1 reflect particle number and momentum conservation. The slowly relaxing modes with odd m > 1 have profound impact on transport properties. Below we focus on the electron shear viscosity which becomes scale-dependent at the lengthscales given arXiv:1708.02376v1 [cond-mat.mes-hall] 8 Aug 2017
in Eq. (1), other manifestations will be discussed elsewhere. We stress that the microscopic rates of the smallangle and head-on collisions are of the same order of magnitude, and the former may even be somewhat enhanced by a log factor [24, 25] . The net result, however, is that the relaxation of the odd-parity harmonics is dramatically suppressed by a slow angle diffusion. The role of soft modes with odd m and their impact on transport can be understood on very general grounds in terms of the Fluctuation-Dissipation Theorem which mandates strong fluctuations for the degrees of freedom with slow relaxation. Strong fluctuations, in turn, translate into enhanced scattering for other degrees of freedom, provided those are coupled to the slow degrees of freedom. Our transport equation, linearized near the pisotropic equilibrium state, features couplings between different angular harmonics arising due to the v∇ term:
These couplings can be elucidated by transforming to the basis of angular harmonics, δf p = m δf m e imθ . For plane-wave modes δf p (t, x) ∼ e ikx−iωt , in the δf m basis Eq.(3) takes the form of a 1D tight-binding model in which the eigenvalues of I and 1 2 kv represent the on-site potential and hopping amplitude:
The hopping terms in Eq.(4) arise since cos θf (θ) Fouriertransforms to 
This state represents a dark eigenstate which is infinitely long-lived. Furthermore, the system hosts an entire band of long-lived near-dark states, with the decay time diverging in the dark state proximity. Since these states have nonzero overlaps with the m = ±1 harmonics that govern electric current, slow decay translates-by the fluctuation-dissipation theorem-into an enhancement of current fluctuations, higher conductivity and reduced dissipation. The latter, in turn, means lower viscosity. The essential physics here resembles the slow-mode relaxation mechanism by Mandelshtam and Leontovich, and Debye, with the m > 2 harmonics playing the role of bath variables (see, e.g., [26] and references therein). Since mode coupling in Eq.(4) is proportional to kv, the impact of soft modes with high m is stronger at larger k. This can be seen as an underlying reason for transport coefficients such as viscosity becoming scale-dependent. Viscosity can be found by analyzing momentum transport in a shear flow. We will use the standard relation linking the traceless part of the momentum flux tensor Π * ij = Π ij − 1 2 δ ij tr Π to the flow velocity gradients as
and evaluating u i and Π * ij microscopically. We consider flows induced by an in-plane electric field varying as E(x) = E k cos kx. Small deviations from equilibrium are described by a linearized kinetic equation
where f
p is the equilibrium distribution. The perturbed distribution δf p is nonzero near the Fermi surface.
Since the even and odd parts of the distribution δf p (t, x) relax at very different rates, we employ an adiabatic approximation in order to "integrate out" the evenparity part and derive a closed-form equation for the oddparity part. We first note that the only term in Eq. (7) that alters parity, v∇ x , transforms functions of odd parity to those of even parity, and vice versa. We can therefore decompose the distribution δf p into a sum of the odd and even contributions δf
and write a system of coupled equations for these quantities: gives a closed-form relation for δf − p that will serve as a master equation for the odd-parity transport regime
where we defined D = v 2 /γ. Eq.(9) describes fast onedimensional spatial diffusion along unchanging direction of velocity v accompanied by a slow angle diffusion that gradually randomizes the orientation of v.
In the above derivation we ignored the m = 0 zero mode of I + since in the shear flow created by a transverse field E(x) particle density remains unperturbed. An extension of Eq.(9) accounting for this mode will be discussed elsewhere. Zero modes of I − with m = ±1 can be accounted for by replacing ∂ A perturbed momentum distribution can be obtained by inverting transport operator in Eq. (9) . Passing to Fourier representation δf p (t, x) = δf p e −iωt+ikx we write a formal operator solution of Eq. (9) as
Writing
, we see that the resulting perturbation indeed peaks at the Fermi level. Shear flows arise when E k = d 2 xe −ikx E(x) is transverse to k; without loss of generality here we take E k x, k ŷ.
The transport operatorL acts on the Fermi surface parameterized by an angle θ; it is a sum of two noncommuting contributions, (vk) 2 = k 2 sin 2 θ and ∂ 2 θ . One is diagonal in the θ-representation, the other is diagonal in the basis of angular harmonics δf (θ) = m δf m e imθ . InvertingL, which in general represents a nontrivial task, can be done explicitly in the regime of interest. Indeed, since l ee r ξ implies Dk 2 γ , the behavior is dominated by the vicinity of θ = 0 and π where sin 2 θ can be approximated as θ 2 and (θ − π) 2 , respectively. This transformsL to a simple harmonic oscillator hamiltonian
where ω k = 2k(Dγ ) 1/2 . We can therefore invertL in the basis of harmonic oscillator eigenstates
where θ k = (γ /Dk 2 ) 1/4 is the oscillator length and
Here H n (z) = (−) n e Using these results we can evaluate current j y,k = evν 0 dθ 2π cos θδf (θ), where ν 0 is the density of states at ε F . Plugging the angle dependence Ev = Ev cos θ gives
where we definedẼ k = e 2 v 2 ν 0 E k . Since θ and θ are close to 0 and π, we approximate cos θ cos θ ≈ 1 and extend integration to −∞ < z < ∞. Integrals of ψ n are then evaluated using the generating function e 2zt−t
This gives
where we defined p s = (2s)! 2 2s (s!) 2 . Eq.(14) then yields
From Stirling's formula, we estimate p s 1 ≈ 1 √ πs . The sum over s converges and is therefore dominated by the small s values. These estimates confirm that the response indeed originates from the states with θ ≈ 0 and θ ≈ π.
The response function can be evaluated in a closed form using Taylor series
. Integrating this identity over 0 < x < 1 gives a relation
Combined with Eq. (17), it yields a current-field response
(up to a dimensional factor e 2 v 2 ν 0 that has been absorbed inẼ). Taking the limit ω → 0 yields a scaledependent DC conductivity
Temperature dependence γ ∼ T 2 , γ ∼ T 4 translates into scaling α(T ) ∼ T 1/2 . Along with the scale dependence, it provides a clear experimental signature of this regime.
In order to determine viscosity we consider the momentum flux tensor Π ij = p v i p j δf p , linking its traceless part Π * ij to viscosity as in Eq.(6). Since momentum flux must vanish for a uniform flow (k = 0), we expect Π * ij to be odd in k. Focusing on the component Π xy = vp F ν 0 dθ 2π cos θ sin θδf (θ) and noting that cos θ sin θ is a superposition of even-parity harmonics, we see that only the even part δf + (θ) gives a nonzero contribution. Expressing it through the odd part as above, δf
, vk = vk sin θ, and for δf − plugging Eq. (10), we obtain
(21) We first apply the harmonic oscillator representation, Eq.(12). Expressing matrix elements in Eq.(21) through the eigenstates ψ n (z), we carry out (suitably modified) integration over θ and θ to obtain momentum flux
Despite a semblance to the result for conductivity, this response function behaves very differently from the one in Eq. (17) . This is so because the factors 4s + 1, originating from sin 2 θ expansion near θ = 0 and π, make the sum over s divergent at large s. This divergence means, in simple terms, that the quantity in Eq. (21) is dominated by θ and θ values far from the regions near 0 and π for which our harmonic approximation has been developed.
These observations suggest that the matrix element in Eq.(21) can be evaluated by ignoring angle diffusion. Indeed, as we saw above, at small γ the term γ ∂ 2 θ matters only near θ = 0 and θ = π. We can therefore write
Plugging this expression in Eq. (21) and integrating over angles gives
. (24) Viscosity can now be evaluated with the help of Eq. (6) as the ratio η = Π xy /(−iku), with the flow velocity expressed through current as u(x) = 1 ne j(x). Analysis of viscosity is simplified by noting that at the lengthscales of interest, kξ 1, frequency dispersion of Π xy is parametrically weaker than that of conductivity in Eq.(19) since ω k Dk 2 for kξ 1. We can therefore take the limit ω → 0, setting
that scales as k −1/2 at ω ω k . Similar scale dependence is found for the kinematic viscosity ν(k) = η(k)/mn.
These results are valid for wavenumbers in the range l ee correspond to ballistic free-particle transport; smaller values k < ξ −1 correspond to hydrodynamic transport. At kξ ∼ 1 our k-dependent viscosity values ν(k) match the standard hydrodynamic value ν hydro = v 2 /4γ. At shorter lengthscales, kξ > 1, the viscosity is reduced compared to ν hydro by a factor (kξ) 1/2 . The reduction in ν is maximal at k ∼ l −1 ee , where ν(k)/ν hydro ∼ (γ /γ) 1/4 . This scale dependence means that, somewhat unexpectedly, the system behavior is more fluid-like at smaller distances and more gaseous at larger distances.
Finally we demonstrate that our results for conductivity and viscosity in an infinite system at a finite wavevector have direct implications for a more realistic geometry. Namely, we consider a strip of width l ee w ξ in which current is driven from one end to another by electric field applied along the strip. We assume that momentum relaxation occurs only at the strip boundary. In a long strip, L w, electric field is approximately uniform, whereas current profile j(0 < y < w) must be obtained from the odd-parity transport equation, Eq.(9),
The angle θ describes the orientation of particle momenta relative to the strip axis, taken to be in the x direction.
Assuming full momentum relaxation at the strip edges y = 0, w gives boundary conditions f (y = 0, w) = 0. Conductance of the strip can now be evaluated from mode decomposition. We expand the solution over the eigenmodes of the operator ∂ 2 y , which are of the form u n (y) = sin k n y, k n = πn w . Expanding the E-field term gives E = ∞ n=1 E n u n (x), where
for odd n values. Current can then be written as a sum of contributions due to all modes with odd n:
where f (y, θ) = ∞ n=1 f n (θ)u n (y). Each mode is excited by an effective field E n given in Eq. (27) , and its contribution to the total current is to be taken with the prefactor 4 πn w. The distribution function f n (θ) induced by E n must then coincide with the result of bulk calculation for sinusoidal field with a wavevector k n . This analysis provides a simple relation between the conductance of a strip and the bulk conductivity at a finite wavevector k:
The sum converges rapidly, and is well approximated by the first term, n = 1. E. g. for σ yy ∝ k −3/2 Eq.(28) predicts G = ζ(7/2) 1 − 2 −7/2 G k1 ≈ 1.027G k1 . We therefore obtain conductance that scales as w 5/2 vs. the strip width, a dependence that lies in between the seminal Gurzhi scaling w 3 for the conventional viscous regime [5] and w 2 scaling for the ballistic transport regime [27] . This analysis also reveals several interesting aspects of the head-on collision regime. Spatial distribution of current in the strip is dominated by the lowest eigenmode n = 1 of the diffusion operator. Hence, the current profile can be well approximated by sin 1, see Eqs. (12), (1) . This is in stark contrast to conventional viscous flows, where velocities are nearly isotropic. Remarkably, velocity collimation in the odd-parity hydrodynamic regime is stronger than in the collisionless ballistic regime [see Ref. [27] ]. This is so because particle velocity reverses sign multiple times at a rate γ [see Eq. (9)], making particles dwell on every straight segment of their trajectories longer than in the ballistic case. Strong velocity collimation that grows with the ee collision rate is a surprising behavior which, along with the peculiar w 5/2 conductance scaling, provides a clear signature of the odd-parity hydrodynamic regime.
